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Abstrat
It is known that with restritions on the type of the onstitutive equations,
Maxwell's equations in non-uniform media an sometimes be redued to two 2nd or-
der dierential equations for 2 salar quantities only. These results have previously
been obtained in two quite dierent ways. Either by a salarization of the soures,
where the relevant salar quantities are essentially vetor potential omponents and
where the derivation was limited to isotropi media; or alternatively by using the
salar Hertz potentials, and this method has been applied to more general media.
In this paper it is shown that both methods are equivalent for gyrotropi media. We
show that the salarization an be obtained by a ombination of transformations
between eletri and magneti soures and gauge transformations. It is shown that
the method based on the vetor potential, whih previously used a non-traditional
denition of the vetor potentials, an also be obtained using the traditional deni-
tion provided a proper gauge ondition is applied and this method is then extended
from isotropi to gyrotropi media. It is shown that the 2 basi salar Hertz po-
tentials ourring in the seond method are invariant under the soure salarization
transformations of the rst method and therefore are the natural potentials for ob-
taining salarization. Finally it is shown that both methods are also equivalent with
a muh older third method based on Hertz vetors.
1 Introdution
Usually problems in eletromagnetis are redued to solving a 2nd order vetorial equation
for either the eletri eld or for the magneti eld [1, 2℄. However for some problems, the
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radiation of a dipole in a stratied medium being a good example, it is still useful to use a
representation for the elds in terms of auxiliary funtions (vetor and salar potentials or
Hertz vetor potentials) and then solving equations for these auxiliary funtions instead
of for the elds diretly. It is well-known that for simple uniform eletromagneti media,
Maxwell's equations an in this way be redued to 2 salar unoupled 2nd order dierential
equations, orresponding with the TE/TM modes. For uniform media this has been
generalized to more omplex (deomposable) media [3℄. Also for non-uniform, usually
stratied, media suh a salar deomposition has been obtained.
One of the earliest systemati treatments of this redution problem was given by Nisbet
[4, 5℄. First a general formulation in terms of 2 Hertz vetor potentials was given valid
for non-uniform anisotropi media and then it was notied that onsiderable freedom ex-
ists for hoosing these potentials sine they an be subjeted to a gauge transformation.
Using this freedom the Hertz vetors ould be redued to single omponent vetors and
onditions were derived under whih the resulting dierential equations for these ompo-
nents were of 2nd order, at least for isotropi media. The same idea was later extended
to anisotropi media [6, 7℄. The redution to two salar potentials was also extended to
gyrotropi media [8, 9℄ and to even more ompliated media [10℄. Only rather reently the
ase of a uniaxial medium was given expliitly [11℄. Whereas in these earlier publiations
[5, 7℄ a general oordinate system was onsidered, the later extensions to more omplex
media usually onsidered a artesian oordinate system only and the non-uniformity was
limited to a stratiation along e.g. the symmetry axis of the uniaxial medium [11℄. Al-
though the 2 salar potentials are referred to as salar Hertz potentials the link with the
Hertz vetor potentials is not obvious anymore and for the stratied uniaxial medium the
(initially 4) salar funtions are instead dened by applying a Helmholtz-deomposition
to the eletri and magneti eld omponents perpendiular to the symmetry axis [11℄.
Subsequently Weiglhofer and Georgieva [12, 13℄ arrived at the same salar equations, at
least for isotropi media, following a ompletely dierent method, whih rests mainly on
the so-alled salarization of soures. It was shown that arbitrary urrent density distri-
butions an be replaed by equivalent distributions but oriented along a xed diretion.
With a proper (unonventional) hoie of the vetor potentials the latter ould then also
be salarized and the resulting equations are exatly the same as those found using the
salar Hertz potentials. This remarkable orrespondene was notied but no explanation
was given [13℄.
The main purpose of this paper is to shed some light on this nding, whih an not be a
oinidene. At the same time we will extend the soure salarization method explained
in [12, 13℄ to more general (gyrotropi) anisotropi media. We believe that soure salar-
ization an be understood best as an appliation of the well-known equivalene between
eletri and magneti harges and urrents. This is rst presented in  2. In the following
setions the salarization problem is solved using dierent potentials. As in most of the
referened papers we onsider only artesian oordinates. As medium a stratied initially
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uniaxial medium is onsidered where the symmetry axis is perpendiular to the layers
everywhere. The latter ondition is neessary to avoid mixing between the longitudinal
and transverse eld omponents by applying the onstitutive equations. In  6 the theory
is extended to a stratied gyrotropi medium. We will use c as a unit vetor along the
symmetry axis and c as the orresponding oordinate whereas transversal vetor ompo-
nents will be labeled by ⊥, in partiular the transversal nabla operator will be written as
∇⊥.
2 Soure transformations
We use Maxwell's equations in the standard form inluding eletri and magneti harge
and urrent densities, where the latter are labeled by a supersript star
∇× E = −
∂B
∂t
− J
∗
(1)
∇×H =
∂D
∂t
+ J (2)
∇ ·D = ρ (3)
∇ · B = ρ∗ (4)
The possibly position dependent onstitutive properties of the medium are given by D =
ǫ ·E and B = µ ·H. We will write the eletri harge and urrent densities in general as
J =
∂p
∂t
+∇×m (5)
ρ = −∇ · p (6)
where p and m are either given polarization and magnetization densities or must be
onsidered as stream potentials for given ρ and J [5℄. In either ase p and m an be
subjeted to a gauge transformation whih leaves ρ and J invariant [5℄
p′ = p +∇×G (7)
m′ = m−
∂G
∂t
+∇g (8)
where G, g are arbitrary funtions. Sine our aim is to transform transversal soures into
longitudinal ones, 2 possibilities arise. With ∇⊥g = −m⊥ a transversal magnetization
is turned into a longitudinal one
∂g
∂c
c. And with a longitudinal G = Gcc a transversal
polarization p⊥ = −∇⊥Gc × c is turned into a longitudinal magnetization −
∂Gc
∂t
c.
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It is well-known that the polarization p and the magnetizationm an equally well be repre-
sented by magneti harge and urrent densities, whih is most easily seen by rearranging
the terms in the Maxwell equations as follows
∇× (E + ǫ−1 · p) = −
∂
∂t
(B − µ ·m)−
∂µ ·m
∂t
+∇× ǫ−1 · p (9)
∇× (H −m) =
∂
∂t
(D + p) (10)
∇ · (D + p) = 0 (11)
∇ · (B − µ ·m) = −∇ · (µ ·m) (12)
The equivalent magneti soures are thus given by
J
∗
=
∂µ ·m
∂t
−∇× ǫ−1 · p (13)
ρ∗ = −∇ · (µ ·m) (14)
Contrary to the gauge transformation (7)(8), in this ase the soure transformation (from
eletrial harges to magneti harges) is aompanied by the following eld transforma-
tions
E
′
= E + ǫ−1 · p (15)
B
′
= B − µ ·m (16)
In what follows we will label a polarization/magnetization density whih is represented
by magneti harges by a supersript star (p∗, m∗). We an thus freely exhange p (or
m) for p∗ (or m∗) and vie versa as long as p + p∗(or m +m∗) remains invariant and as
long as we take the eld transformations (15)(16) into aount. These magneti stream
potentials an also be subjeted to a gauge transformation [5℄
ǫ−1 · p′∗ = ǫ−1 · p∗ −
∂L
∂t
+∇l (17)
µ ·m′∗ = µ ·m∗ −∇× L (18)
for arbitrary L, l. With l we an turn a transversal polarization into a longitudinal one and
with L = Lcc we an turn a transversal magnetization into a longitudinal polarization.
For further referene the dierent representations are tabulated in 1.
Using the eletri/magneti harge transformations and gauge transformations if needed
we an now salarize an arbitrary urrent density
1
along a xed diretion dened by the
1
We will onsider an eletri urrent density, but the same method an be applied to a magneti
urrent density.
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Table 1: The equivalent soure ontributions due to (external) polarization and magneti-
zation. The starred quantities allow to make a distintion between soures modeled with
eletri harges/urrents and those modeled with magneti ones.
polarization magnetization
J ∂p
∂t
∇×m
ρ −∇ · p
J
∗
−∇× ǫ−1 · p∗ ∂µ·m
∗
∂t
ρ∗ −∇ · µ ·m∗
unit vetor c. The goal of the salarization proess is to replae the urrent density by
equivalent eletri and magneti urrent densities parallel to c. For a stratied medium
c is perpendiular to the layers and as mentioned in the Introdution this is also the
diretion of the symmetry axis of the uniaxial medium. The urrent density an always
be written as
J = Jcc+∇⊥v × c+∇⊥u (19)
In the ontext of salar Hertz potentials the funtions u, v are known as auxiliary funtions
[11℄ and they an be found by solving the 2-dimensional potential problems
∇2⊥u = ∇⊥ · J⊥ (20)
∇2⊥v = −c · (∇⊥ × J⊥) (21)
Salarization of the 2nd term in (19) is straighforward, sine aording to 1 it an be
attributed to a magnetization m = vc whih an also be represented by a magneti
urrent density along c
J
∗
=
∂µ ·m∗
∂t
= µ//
∂v
∂t
c (22)
where µ// is the permeability along c. This transformation is aompanied by a eld
transformation aording to (16)
B
′
= B − µ//vc (23)
Salarization of the last ontribution in (19) annot be obtained simply by transforming
eletri into magneti soures. However this transformation an always be ombined with
a gauge transformation. The last ontribution in (19) an then be salarized by attributing
the urrent density ∇⊥u to a transversal polarization density p = ∇⊥

udt whih, as we
have seen, an be turned into a longitudinal one in the magneti domain by a proper
hoie of l in (17) (with L = 0) namely
l = −

u
ǫ⊥
dt (24)
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where ∇⊥ǫ⊥ = 0 has been used. We then end up with a salarized urrent density
J ′c = −ǫ//
∂
∂c
(
u
ǫ⊥
)
(25)
Due to the 2 eletri/magneti transformations preeding and following the gauge trans-
formation we must take into aount a transformation of the eletri eld aording to
(15)
E
′
− E = ∇l = ∇
(

u
ǫ⊥
dt
)
(26)
These results as well as similar ones for the magneti urrent density are tabulated in 2
and 3. To onlude this setion we make 2 remarks
1. It an be proved that the salarizations summarized in 2 and 3 are unique;
2. Under these soure transformations the total longitudinal urrent densities (Jc+
∂Dc
∂t
and J∗c +
∂Bc
∂t
) are invariant, sine
Jc +
∂Dc
∂t
=
(
∇×H
)
· c (27)
J∗c +
∂Bc
∂t
= −
(
∇× E
)
· c (28)
and H
′
−H and E
′
−E are either parallel to c or equal to a gradient.
3 Vetor potentials
We introdue onventional vetor and salar potentials A, φ and also omparable poten-
tials A
∗
, φ∗ for handling the magneti soures
B = ∇×A− µ ·
∂A
∗
∂t
− µ · ∇φ∗ (29)
E = −
∂A
∂t
−∇φ− ǫ−1 · ∇ × A
∗
(30)
Substitution into Maxwell's url-equations gives initially
L(ǫ, µ)A+ ǫ · ∇
∂φ
∂t
= J (31)
L(µ, ǫ)A
∗
+ µ · ∇
∂φ∗
∂t
= J
∗
(32)
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Table 2: Using proper transformations between eletri and magneti harge represen-
tations from 1 and possibly gauge transformations of the stream potentials, arbitrary
transverse eletri urrent densities an be replaed by equivalent eletri or magneti
urrent densities along the symmetry diretion c. Eah transformation is also aompa-
nied by a transformation of the elds, shown in the last 2 rows.
initial
urrent
density
J = ∇⊥v × c J = ∇⊥u
initial
stream
potenial
m = vc p = ∇⊥

udt
nal
stream
potential
m∗ = vc p = −ǫ//
∂
∂c
(

u
ǫ⊥
dt
)
c
nal
urrent
density
J
∗
= µ//
∂v
∂t
c J = −ǫ//
∂
∂c
(
u
ǫ⊥
)
c
E
′
− E ∇
(

u
ǫ⊥
dt
)
B
′
− B −µ//vc
3 VECTOR POTENTIALS 8
Table 3: Using proper transformations between eletri and magneti harge represen-
tations from 1 and possibly gauge transformations of the stream potentials, arbitrary
transverse magneti urrent densities an be replaed by equivalent eletri or magneti
urrent densities along the symmetry diretion c. Eah transformation is also aompa-
nied by a transformation of the elds, shown in the last 2 rows.
initial
urrent
density
J
∗
= ∇⊥v
∗ × c J
∗
= ∇⊥u
∗
initial
stream
potenial
p∗ = −ǫ//v
∗c m∗ = ∇⊥

u∗
µ⊥
dt,
nal
stream
potential
p = −ǫ//v
∗c m∗ = − ∂
∂c
(

u∗
µ⊥
dt
)
c
nal
urrent
density
J = −ǫ//
∂v∗
∂t
c J
∗
= −µ//
∂
∂c
(
u∗
µ⊥
)
c
E
′
− E v∗c
B
′
− B µ · ∇
(

u∗
µ⊥
dt
)
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where the operator L(ǫ, µ) is dened by
L(ǫ, µ) = ǫ ·
∂2
∂t2
+∇× µ−1 · ∇× (33)
The salar potentials are eliminated using gauge onditions. If these gauge onditions
do not mix-up the eletri and magneti quantities then also the resulting equations will
remain unoupled. We rst mention the gauge onditions used by Nisbet [5℄
∇ · ǫ · A+ α
∂φ
∂t
= 0 (34)
∇ · µ ·A
∗
+ α∗
∂φ∗
∂t
= 0 (35)
where α, α∗ are salars whih an still be hosen. As will beome lear further on these
gauge onditions allow salarization for a homogeneous medium only. This restrition is
eliminated in [12, 13℄ but only for an isotropi medium by using a dierent denition for
the potentials and using dierent gauge onditions. At rst this leads to equations for
A and A
∗
whih are oupled but under the restritions ∇⊥ǫ = 0 and ∇⊥µ = 0 these
equations beome unoupled and salarizable. Although this method an be extended
to uniaxial media we prefer to stik with the onventional deompositions (29)(30) and
we will now derive gauge onditions whih allow to salarize (31)(32) for a non-uniform
uniaxial medium.
We assume that the soures have already been salarized so that in (31)(32) only longitudi-
nal urrent densities Jc, J
∗
c our. Splitting these equations into longitudinal and transver-
sal omponents the latter equations will only allow the null solution for the transversal
omponents of the vetor potentials if their longitudinal omponents do not our in
these transversal equations. These onditions are easily found by assuming A = Acc and
equating the transversal omponent of the LHS of (31) to zero
∇⊥
[
∂
∂c
(
Ac
µ⊥
)
+ ǫ⊥
∂φ
∂t
]
= 0 (36)
and a similar magneti equation, whih is obtained by replaing unstarred quantities by
starred ones and by swithing the roles of ǫ and µ. Obviously using the gauge ondition
(34), this ondition an only be met if ǫ⊥, µ⊥ do not depend on the longitudinal oordinate
 and then only by hoosing α = ǫ//ǫ⊥µ⊥. For a more general result we must instead
hoose the following gauge onditions
∇ · µ−1⊥ A + ǫ⊥
∂φ
∂t
= 0 (37)
∇ · ǫ−1⊥ A
∗
+ µ⊥
∂φ∗
∂t
= 0 (38)
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From the longitudinal omponents of (31)(32) and these gauge onditions we then nd
the nal salarized equations
Ls(ǫ, µ)
(
A′c
µ⊥
)
= −J ′c (39)
Ls(µ, ǫ)
(
A′∗c
ǫ⊥
)
= −J ′
∗
c (40)
where salarized quantities are now expliitly marked by an aent and with the (salar)
wave operator dened by
Ls(ǫ, µ) = ∇
2
⊥ + ǫ//
∂
∂c
ǫ−1⊥
∂
∂c
− ǫ//µ⊥
∂2
∂t2
(41)
Taking into aount (29)(30) and the eld transformations due to the prior soure salar-
ization, the elds are given by
H =
(
v −
∂A′∗c
∂t
)
c+ µ−1⊥ ∇⊥A
′
c × c−∇
(
µ−1⊥

[
u∗ −
∂
∂c
(
A′∗c
ǫ⊥
)]
dt
)
(42)
E = −
(
v∗ +
∂A′c
∂t
)
c− ǫ−1⊥ ∇⊥A
′∗
c × c−∇
(
ǫ−1⊥

[
u−
∂
∂c
(
A′c
µ⊥
)]
dt
)
(43)
4 Hertz vetors
The main idea behind the use of Hertz vetors is to introdue an additional dierentia-
tion in suh a way that the new potentials (= Hertz vetors) are governed by equations
with the polarization/magnetization (or the stream potentials) as soures instead of the
urrent densities. Sine for suh Hertz vetors the starred/unstarred stream potentials
are equivalent we an eliminate e.g. the magneti harge soures from the start and we
an use instead of (29)(30) the simpler deompositions
B + µ ·m∗ = ∇× A (44)
E − ǫ−1 · p∗ = −
∂A
∂t
−∇φ (45)
still omplying with (1) and (4). The Hertz vetor equations are obtained most easily in
the temporal gauge [14℄ (φ = 0) and we then dene the Hertz vetors Πe,Πm following [5℄
A =
∂Πe
∂t
+ ǫ−1 · ∇ ×Πm (46)
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After substituting these equations in (2)(3) and following a standard proedure [15℄ we
nd the equations
L(ǫ, µ)Πe = p+ p
∗ + ǫ · ∇ψe (47)
L(µ, ǫ)Πm = µ · (m+m
∗) + µ · ∇ψm (48)
where the operator L(ǫ, µ) has been dened in (33). The funtions ψe, ψm an be hosen
arbitrarely and are in fat redundant due to the gauge transformations (7)(8)(17)(18).
Substituting (46) in (44) and (45) and replaing the 2nd order time derivative using (47)
and (33) we nd the following symmetri expressions for the elds
B + µ ·m∗ = ∇×
∂Πe
∂t
+∇× ǫ−1 · ∇ × Πm (49)
ǫ · E + p = ∇× µ−1 · ∇ ×Πe −∇×
∂Πm
∂t
(50)
Using the gauge transformations (7)(8)(17)(18) one an try to simplify the equations
(47)(48). One possibility is to eliminate the magnetizations (m +m∗ → 0) so that also
Πm → 0. This is the essene of the 1-Hertz-vetor method followed by Sein [16℄, in
this ase limited to a uniform isotropi medium and (therefore) using the onventional
Lorentz gauge. Another possibility is to salarize the stream funtions so that p + p∗ →
p′cc and m + m
∗ → m′∗cc. For these salarized soures it is now possible to hoose the
(gauge) funtions ψe, ψm in (47)(48) in suh a way that Πe,Πm are also salarized and
thus have only omponents along c. To that end we assume Πe/m = Π(e/m)cc and ollet
the transversal omponents of e.g. (47)
∂
∂c
[
µ−1⊥ (∇⊥Πec)
]
= ǫ⊥∇⊥ψe (51)
The transversal omponents of the vetor potentials will then vanish if we hoose
ψe =
1
ǫ⊥
∂
∂c
Πec
µ⊥
(52)
The longitudinal part of the same equation is given by
ǫ//
∂2Πec
∂t2
−∇2⊥
Πec
µ⊥
= p′c + ǫ//
∂ψe
∂c
(53)
and using (52) we obtain
Ls(ǫ, µ)
(
Π′ec
µ⊥
)
= −p′c (54)
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where the salar operator Ls has been dened in (41). A similar equation an be found
starting from (48)
Ls(µ, ǫ)
(
Π′mc
ǫ⊥
)
= −µ//m
′∗
c (55)
Unlike the salarized urrent densities, whih are unique, the salarized stream potentials
and the orresponding Hertz vetor omponents are not unique, sine they an always be
subjeted to a gauge transformation. However we an in partiular hoose the salarized
stream potentials as follows
J ′c =
∂p′c
∂t
J ′
∗
c = µ//
∂m′∗c
∂t
(56)
where J ′c and J
′∗
c are the (unique) salarized urrent densities. Comparing (54)(55) with
(39)(40) we onlude that in that ase
A′c =
∂Π′ec
∂t
A′
∗
c =
∂Π′mc
∂t
(57)
This orrespondene an also be heked by omparing the eld expressions (49)(50) with
(42)(43) where in (49)(50) one should also take into aount the eld transformations due
to the salarization of the urrent densities (see 2 and 3).
5 Salar Hertz potentials
The salar Hertz potential formulation introdued by Weiglhofer [11℄ starts by deom-
posing the elds and the equations into transversal and longitudinal omponents and
parts. From these equations the longitudinal omponents Ec, Hc an be eliminated leav-
ing 4 equations for the 4 unknown transversal omponents. Up to this point the method
is idential to the 4×4 matrix method used for solving Maxwell's equations in strati-
ed media [17℄. However for dealing with the soure terms and unlike the 4×4 matrix
method, the transversal eld omponents are then expressed using salar (Hertz) potential
funtions
E⊥ = ∇⊥Φ+∇⊥ ×Θc (58)
H⊥ = ∇⊥Π+∇⊥ ×Ψc (59)
In what follows we will give a ompat derivation of the salar Hertz potential equations,
following [11℄. SplittingMaxwell's url-equations parallel and perpendiular to c we obtain
c · (∇⊥ ×H⊥) = Jc +
∂Dc
∂t
(60)
c · (∇⊥ × E⊥) = −(J
∗
c +
∂Bc
∂t
) (61)
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and
∇⊥Hc −
∂H⊥
∂c
= c× (J⊥ +
∂D⊥
∂t
) (62)
∇⊥Ec −
∂E⊥
∂c
= −c× (J
∗
⊥ +
∂B⊥
∂t
) (63)
Taking the ross-produt with c, the latter 2 equations beome
c×∇⊥Hc −
∂
(
c×H⊥
)
∂c
= −J⊥ −
∂D⊥
∂t
(64)
c×∇⊥Ec −
∂
(
c× E⊥
)
∂c
= J
∗
⊥ +
∂B⊥
∂t
(65)
The 4×4 matrix method is based on (63) and (64), without the soure terms, and where
(60) and (61) are used for eliminatingEc and Hc, after inserting the onstitutive equations
Dc = ǫ//Ec D⊥ = ǫ⊥E⊥ (66)
Bc = µ//Hc B⊥ = µ⊥H⊥ (67)
Weiglhofer [11℄ deals with the soure terms by operating with ∇⊥· on the 4 equations
(62)-(65) and by introduing the auxiliary funtions already dened in (20) and (21).
Using the onstitutive equations (66)(67) and the deompositions (58)(59) all terms then
ontain the laplaian ∇2⊥ whih an be dropped yielding
Hc −
∂Π
∂c
− ǫ⊥
∂Θ
∂t
= v (68)
Ec −
∂Φ
∂c
+ µ⊥
∂Ψ
∂t
= −v∗ (69)
ǫ⊥
∂Φ
∂t
−
∂Ψ
∂c
= −u (70)
µ⊥
∂Π
∂t
+
∂Θ
∂c
= −u∗ (71)
On the other hand the longitudinal equations (60)(61) beome
−∇2⊥Ψ = Jc + ǫ//
∂Ec
∂t
(72)
∇2⊥Θ = J
∗
c + µ//
∂Hc
∂t
(73)
Finally ∂Ec/∂t and ∂Hc/∂t an be alulated from (68)-(71) as a funtion of Ψ,Θ only
and when substituted in (72)(73) one obtains two unoupled 2nd order equations in Ψ,Θ.
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We remind the reader that the RHSs of (60)(61) and thus also of (72)(73) are invariant
under the soure salarization transformations shown in 2 and 3, meaning that ∇⊥×E⊥
and ∇⊥ × H⊥and also Ψ,Θ are invariant under these transformations. Therefore the
salar potentials Ψ,Θ an only depend on the unique salarized urrent densities J ′c and
J ′∗c . Whereas using the vetor potential method in  3 or the Hertz vetor method in  4
salarization ould only be obtained with some eort by applying appropriate soure and
gauge transformations, the salar Hertz potentials Ψ and Θ are the natural potentials for
obtaining salarization sine they are invariant under the required transformations. The
nal equations an then also be obtained immediately by making the RHSs of (68)-(71)
zero and replaing Jc, J
∗
c in (72)(73) by the salarized versions J
′
c, J
′∗
c leading to
Ls(ǫ, µ) (Ψ) = −J
′
c (74)
Ls(µ, ǫ) (−Θ) = −J
′∗
c (75)
However note that Ec, Hc and Φ,Π are not invariant. From (70)(71) we nd
Φ = ǫ−1⊥

(
−u+
∂Ψ
∂c
)
dt (76)
Π = −µ−1⊥

(
u∗ +
∂Θ
∂c
)
dt (77)
and subsequently from (68)(69)
Ec = −v
∗ +
∂Φ
∂c
− µ⊥
∂Ψ
∂t
(78)
Hc = v +
∂Π
∂c
+ ǫ⊥
∂Θ
∂t
(79)
The total elds an then be written as
E = −(v∗ + µ⊥
∂Ψ
∂t
)c+∇⊥Θ× c+∇Φ (80)
H = (v + ǫ⊥
∂Θ
∂t
)c+∇⊥Ψ× c +∇Π (81)
These expressions onrm the eld transformations in 2 and 3 and they orrespond term
for term with the expressions in (42)(43) with the orrespondene
Ψ =
A′c
µ⊥
=
∂
∂t
Π′ec
µ⊥
−Θ =
A′∗c
ǫ⊥
=
∂
∂t
Π′mc
ǫ⊥
(82)
Φ = −φ −

u
ǫ⊥
dt Π = −φ∗ −

u∗
µ⊥
dt (83)
whih was already (partially) apparent from (74)(75) and (39)(40).
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6 Gyrotropi media
For a gyrotropi medium the transversal dieletri tensor is given by [8℄
ǫ⊥ =
[
ǫ⊥ jǫ
′
⊥
−jǫ′⊥ ǫ⊥
]
= ǫ⊥I + jǫ
′
⊥c× I (84)
with a similar expression for the permittivity tensor.
Sine the salarization of the solenoidal parts of J⊥ and J
′
⊥ does not involve these transver-
sal onstitutive tensors no hanges are needed here. However for the irrotational parts
the reasoning leading to (24)(25) and (26) must be extended with additional terms. In-
troduing the gauge funtion Gc in the eletri domain (7)(8) and as before l in the
magneti domain (17) we obtain the transformed stream potentials
p = ∇⊥

udt+ ǫ · ∇l +∇⊥Gc × c (85)
m∗ = −
∂Gc
∂t
c (86)
If ǫ′⊥ 6= 0 then the 2nd term on the RHS of (85) ontains an extra term whih an be
ompensated by the last term if
Gc = jǫ
′
⊥l (87)
In this way the extra transversal term in the polarization is transformed into a longitudinal
magnetization, whih an be represented by a longitudinal magneti urrent density
J ′
∗
c = −µ//
∂2Gc
∂t2
(88)
Sine (24)(25) and (26) remain valid it sues thus to add a magneti urrent density
J ′
∗
c = j
ǫ′⊥
ǫ⊥
µ//
∂u
∂t
(89)
and due to the eletri/magneti swith (m→ m∗) in (86) we must also add a mathing
eld transformation
B
′
−B = µ//
∂Gc
∂t
c = −j
ǫ′⊥
ǫ⊥
µ//uc (90)
Again Jc +
∂Bc
∂t
remains invariant for this additional transformation and therefore the
formulation using the salar Hertz potentials should still automatially lead to salarized
equations as has been shown in [9℄.
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Regarding the formulation using Hertz vetors extra (transversal) terms in jǫ′⊥ will also
our in (51). However the funtions ψe/m in (47)(48) are only part of the gauge trans-
formation and more in general we an also add terms in G respetively in L as in (7)(8)
and (17)(18) to the RHS of (47)(48). With in partiular G = Gcc (and L = Lcc) we then
obtain instead of (51) ondition
∂
∂c
(
µ⊥
|µ⊥|
∇⊥Πec
)
− c×
∂
∂c
(
jµ′⊥
|µ⊥|
∇⊥Πec
)
= ǫ⊥∇⊥ψe
+jǫ′⊥c×∇⊥ψe +∇Gc × c (91)
where |µ⊥| = det µ⊥ = µ
2
⊥ − µ
′2
⊥. This ondition is fullled by hoosing
ψe = ǫ
−1
⊥
∂
∂c
(
µ⊥
|µ⊥|
Πec
)
(92)
Gc = j
[
∂
∂c
µ′⊥
µ⊥
+
ǫ′⊥
ǫ⊥
∂
∂c
]
µ⊥
|µ⊥|
Πec (93)
The longitudinal equation (53) is replaed by
ǫ//
∂2Πec
∂t2
−∇2⊥
(
µ⊥
|µ⊥|
Πec
)
= p′c + ǫ//
(
∂ψe
∂c
−
∂Lc
∂t
)
(94)
where −Lc is given by a similar expression as in (93). We notie that exept for the
replaement of µ−1⊥ by µ⊥/ |µ⊥| the main hange is the ourene of a ross-oupling
term due to the additional gauge funtions Gc, Lc whih indeed mix between eletri and
magneti stream funtions. If we replae (41) by the more general expression
Ls(ǫ, µ) = ∇
2
⊥ + ǫ//
∂
∂c
ǫ−1⊥
∂
∂c
− ǫ//
|µ⊥|
µ⊥
∂2
∂t2
(95)
then the salarized equations for a gyrotropi medium (omitting the aents) are given
by
Ls(ǫ, µ)Σe + jǫ//
[
∂
∂c
ǫ′⊥
ǫ⊥
+
µ′⊥
µ⊥
∂
∂c
]
∂Σm
∂t
= − pc (96)
Ls(µ, ǫ)Σm − jµ//
[
∂
∂c
µ′⊥
µ⊥
+
ǫ′⊥
ǫ⊥
∂
∂c
]
∂Σe
∂t
= − µ//m
∗
c (97)
where Σe =
µ⊥
|µ⊥|
Πec and Σm =
ǫ⊥
|ǫ⊥|
Πmc and as for the uniaxial ase these Hertz vetor
omponents are equivalent with the salar Hertz potentials with Ψ = ∂Σe/∂t and −Θ =
∂Σm/∂t.
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Finally we onsider the formulation using ordinary but standard vetor potentials. Com-
paring (31)(32) with (47)(48) the lose resemblane between both formulations is apparent
where in partiular −∂φ(∗)/∂t ⇔ ψe/m and therefore salarization of (31)(32) might also
be possible. However whereas for a uniaxial medium the funtions φ(∗) or ψe/m are suf-
ient for obtaining salar equations, for a gyrotropi medium the additional freedom
oered by the gauge funtion Gc in (91) (and Lc) is needed and these funtions do not
our in (31)(32). With some hindsight we realize that transformations of the eletri
and magneti stream potentials aording to
ǫ−1 · p′ = ǫ−1 · p− E (98)
ǫ−1 · p′∗ = ǫ−1 · p∗ + E (99)
m′ = m+H (100)
m′∗ = m∗ −H (101)
orrespond with the following transformations of the urrent densities
J
′
= J +∇×H− ǫ ·
∂E
∂t
(102)
J
′∗
= J
∗
− µ ·
∂H
∂t
−∇× E (103)
These transformations are thus legitimate provided the elds are transformed aording
to
E
′
= E + E H
′
= H +H (104)
With the additional transformation (102)(103) of the urrent densities the formulations
based on the standard vetor potentials on one hand and on the Hertz vetors on the
other hand beome fully equivalent. The former an thus also be salarized with a proper
hoie of the derivatives of the potentials ∂φ(∗)/∂t and of the longitudinal elds Ec and
Hc. As a result the salar equations (96)(97) also hold for the vetor potentials with the
proper substitutions A
(∗)
c ⇔ Π(e/m)c, pc ⇔ Jc and µ//m
∗
c ⇔ J
∗
c (omitting the aents).
Also for this transformation ∇⊥ × E⊥ and ∇⊥ × H⊥ are invariant, explaining why it is
also automatially inluded using the salar Hertz potentials.
7 Conlusions
We have ompared three potential methods for solving Maxwell's equations with arbi-
trary soures in a lineair stratied gyrotropi medium where the longitudinal symmetry
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axis (sometimes referred to as the distinguished axis) is perpendiular to the strata. In
partiular we studied the redution of Maxwell's equations to two salar equations (salar-
ization). A prerequisite for salarization to be possible and whih we have aepted
without proof, is that the onstitutive tensors should not introdue mixing between lon-
gitudinal and transversal eld omponents. A seond ondition whih was often required
in the derivations is that the transversal onstitutive tensors should not depend on the
transverse oordinates. It is perhaps interesting to note that there are no restritions on
the position dependene of the longitudinal properties ǫ// and µ//.
Introduing the onventional vetor/salar potentials or the Hertz vetors two unoupled
vetor equations are obtained. We have shown that with the limitations already mentioned
these equations an always be salarized. First the soures must be salarized: using the
equivalene between eletri and magneti soures and gauge transformations for the
polarizations (stream potentials) the urrent densities an always be replaed by unique
urrent densities along the distinguished axis. The soures for the Hertz vetor equations
(the stream potentials) an be salarized with the gauge transformations only but it is
easier to use (56) and the salarized urrent densities. At this stage the problem annot
yet be redued to two salar dierential equations beause there is still ross-oupling
between the longitudinal and transversal omponents of the vetor potentials or Hertz
vetors. However using gauge transformations (see (36),(51) and (91)) these ross-oupling
terms an always be eliminated and two salar equations are obtained. When using the
vetor potentials then, for a gyrotropi medium, an additional transformation between
eletri/magneti soures must be performed (see (98)-(104)) and for suh a gyrotropi
medium the nal salar equations are also oupled. The two methods are found to be
fully equivalent and the vetor potential quantities are merely the time derivatives of
the orresponding Hertz vetor quantities.
We notied that the appropriate eletri/magneti soure transformations leave the lon-
gitudinal total urrent densities ∇⊥ × E⊥ and ∇⊥ × H⊥ invariant, and this obviously
holds also for the gauge transformations. In a third method, 4 salar Hertz potentials
are dened based on Helmholtz deompositions (58)(59) in the transversal plane and it
follows then immediately that 2 of these salar Hertz potentials, Ψ and Θ, are also in-
variant under all transformations needed to obtain salarization. These are the natural
potentials for obtaining salarization and this invariane explains why, when using these
salar Hertz potentials, the salarized urrent densities emerge eortlessly. These salar
Hertz potentials are also equivalent with the longitudinal omponents of the salarized
traditional Hertz vetors used in the 2nd method and eventually we onlude that the
three methods are fully equivalent. It remains to be investigated whether this onlusion
still holds for the more omplex media for whih salarization has been obtained using
the salar Hertz potentials [10℄.
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